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Abstract: Attempt has been made to evaluate a direct contribution of the 

horizontal component of oblique field-aligned currents to surface magnetic varia­

tions in the auroral region associated with a localized electric potential distribution 

on the horizontal plane, in comparison with that of the ionospheric eddy current. 

This direct effect is proportional to a product of two ratios, the Pedersen to Hall 

conductivities and the horizontal to vertical components of the local dipole magnetic 

intensity. In addition to these, the shorter the horizontal scale-length in the east­

west direction compared with that in the north-south direction, the larger the direct 

effect of field-aligned currents. For the localized perturbation with an isotropic 

horizontal structure at 60° geomagnetic latitude, it attains to about 80% of the 

magnetic contribution of the Hall current at the earth's surface. It is also shown 

that only the vertical component of oblique field-aligned currents connects with 

the irrotational part of ionospheric currents, and that the effective conductance 

in the magnetosphere for three-dimensional current systems is reduced to a sma1ler 

value than that for the case of vertical field lines. 

1. Introduction 

Electromagnetic interaction between the magnetosphere and the ionosphere 

through field-aligned currents (FAC) associated with localized EM-disturbances 

in high latitudes, particularly effects of induced currents in the anisotropic conducting 

ionosphere to ground magnetic field signature, has been developed with the assump­

tion of vertical magnetic field lines. T AMAO (1964) showed that only the induced iono­

spheric Hall current can give rise to ground magnetic variations at the time of incidence 

of localized shear Alfven wave propagating downward along a vertical field line into 

the plane ionosphere. Making use of intuitive consideration, FUKUSHIMA (1969) 

obtained a generalized theorem of no ground magnetic effect of vertical field-aligned 

currents connected with Pedersen currents in the uniform conductivity ionosphere. 

Recently, detailed quantitative studies of ionospheric effects on localized EM­

disturbances have been made in association with horizontal distributions of geo­

magnetic pulsations on the ground (cf HUGHES and SOUTHWOOD, 1976; WALKER 

et al., 1979; OGUTI and HAYASHI, 1984). GLASSMEIER (1983, 1984) has performed 

quantitative model calculations of the influence of a horizontally non-uniform con-
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ducting ionosphere on localized HM-waves. Joint observations of ground magnetic 
and ionospheric electric fields in the auroral zone have made it possible to examine a 
modelling of ionospheric effects on surface magnetic variations (BAUMJOHANN et al. , 
1981). Another attempt in obtaining more large-scale distributions of three-dimen­
sional current systems and associated electric potential in high latitudes, based on the 
ground magnetic field data together with assumed conductivity distributions, has 
yielded reasonable results in comparison with those observed more directly by radar 
and satellite (cf KAMIDE et al. , 1981; AKASOFU et al. , 1981). 

All of such studies referred above are on the basis of vertical magnetic field lines. 
General formulation in describing EM-interaction between the ionosphere and the 
magnetosphere for the spherical surface ionosphere with nonuniform conductivities 
under the dipole magnetic field line configuration has been obtained (TAMAO, 1983). 
In the present paper we shall apply the method to a simple model of localized pattern 
of potential distribution to demonstrate the direct contribution of oblique field-aligned 
currents to ground magnetic field within the limit of a plane ionosphere. 

2. Model and Formulation 

Let us now describe briefly a model and formulation to be used in the following 
numerical calculations. We assume a two-region model separated by an interface 
(the ionosphere) with height-integrated electrical conductivities, I:P (Pedersen) and 
I: H (Hall). Region 1 is representing the neutral atmosphere below the ionosphere 
wherein both electric and magnetic field perturbations can be represented in terms of 
electric and magnetic potentials, V and U, respectively, because the time-scale is so 
slow as to neglect the propagation time of EM-waves with the speed of light. For 
the same reason the toroidal type magnetic field is negligible in comparison with the 
poloidal one, and thus we have 

Ei= -VV and B1 = Bt= -VU, 

where the superscript P means the poloidal type. In region 2 we employ a cold mag­
netized plasma under the ambient magnetic field B0 with a local unit vector along a 
field line, e= Bo/B0 • Under the condition of wR1 ,I: P ,H�l where w and R1 are the 
angular frequency of perturbations and the radius of ionospheric height, we can neg­
lect the inductive electric field associated with the fast magnetosonic wave (TAMAO, 
1984). For typical values of R1�6x 105 cm and ,I: P ,H�10-s emu the above condi­
tion yields w � 1/6 rad/s. In region 2 we have also assumed that the field-aligned 
electric field component is negligible compared with the perpendicular one, and so 
E2 = -V 1..(/) and B2 = B2P+B/ Ac , where the first term represents the poloidal magnetic 
field due to the ionospheric eddy currents and the second term comes from the field 
aligned currents (refer to Fig. 1 ). 

Defining the local outward unit vector perpendicular to the interface, JV, the height­
integrated ionospheric current is given by 

(1) 

Boundary conditions at the interface, Nx (E2-E1)=0 and 411:J=NX (B2 -B1), are re-
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Fig. 1. A two-region model consisting of the cold magnetosphere and the neutral atmosphere 
separated by the ionospheric interface with anisotropic conductivities . The direction of 
ambient magnetic field lines is obliquely crossing the interface. Superscripts on the 
magnetic field, P and FA C, mean the poloidal type and the field due to field-aligned cur­
rents, respectively. 

duced to the following scalar relations; 

and 

div {Nx [(E2 -E1) x N]}=O , 

N·(B2P-B1P)=-N·B2FAC, 

2 div[N(N·B/)]=-4rrN·rotJ , 

div J=-(N·e)J11 . 

(2) 

(3) 

(4) 

(5) 

In derivation of eq. (4), we have made use of div {N[N·(B/1 +B/)]}=O where B/= 
B/1 +B/M, the superscripts PI and PM stand for poloidal field due to ionospheric and 
magnetospheric currents, respectively. Equation (3) is exhibiting that magnetic flux of 
FAC leaks to the region below the ionosphere if the FAC yields the vertical magnetic 
component to the interface, while the vertical FAC has no direct contribution to 
ground magnetic fields. Equations (4) and (5) are indicating that only the rotational 
part of the ionospheric currents produces the poloidal type magnetic fields in both 
regions above and below the ionosphere whereas the irrotational part connects to the 
vertical component of FAC. Consequently, efficiency of discharge of ionospheric 
space charges through field-aligned currents for the case of oblique magnetic field lines 
is less than that for vertical field lines. 

Now we employ local Cartesian coordinates, x (southward), y (eastward) and z 
(vertically upward), for a model of the plane ionosphere (z=O). EM-field perturba­
tions in region 2 (z> O) are represented by 

(6) 

and 

B/=-PW, B/AC = rot (A 11e) , (7) 

under the circumstances mentioned before. Making use of the Fourier integral method 
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in representing horizontal structure of the perturbations, e.g. , 

where O is the Fourier transform of U, and applying the boundary conditions, eqs. 
(3)-(5), together with the expression of j11 in terms of A 11 , we obtain 

k(O+ W)=ikye0 .-{ 

4d · rot 1=2k2 W, 

4rr div l= -eR [k2+(e0 /eR)2k/] A11 

+i[(kx/R1 )ain (sinO/eR )/aO]A11 . 

(8) 

(9) 

(10) 

In the above, eR and e0 are the R- and 0-components of the unit vector e in spherical 
coordinates (R, 0, ¢), and k=(k/+k/)112• For relatively small-scale localized per­
turbations with kR1 � 1, eqs. (8)-(10) yield the following forms of the magnetic po­
tentials given as 

and 

k2 0 = -2n z · rot J 

-4rri(eoky /eRk)[ l+(eokxfeRkfl- 1 div J, 

k2 W=2d · rot J. 

(11) 

(12) 

In eq. (11), the first and second terms stand for contributions of the ionospheric eddy 
currents and oblique FAC to ground magnetic field, respectively, the latter vanishes 
for the case of vertical field line ( e O =0), as well as the two-dimensional case (ky =0). 
We introduce an equivalent ionospheric current function for ground magnetic field 
given by eq. (11) which is composed of two parts, the ionospheric eddy current and the 
magnetospheric FAC, J=J1+JM , where 

l1= -(21r/k2)z·rotJ' 

JM=4nickyk- 3 [1 +s2(kx/k)2]- 1 div J, 

(13) 

(14) 

and s=B0 /BR is a ratio of the horizontal to vertical component of the dipole magnetic 
field at the ionospheric level. Thus, we have 

respectively. 

3. Numerical Results and Discussion 

(15) 

As an application of the formulation developed in the previous section, we dem­
onstrate a few of quantitative results exhibiting a relative importance of the direct 
contribution of oblique F AC to ground magnetic fields by employing a simple isolated 
from of the ionospheric electric potential distribution given by 
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Fig. 2. Schematic diagrams giving intuitive understanding for the different situation between 
vertical (left) and oblique (right) field-line cases. Equivalent ionospheric current systems 
for ground magnetic fields in each case are shown (botton), and twin vortices with opposite 
polarities represent the direct contribution of oblique field-aligned currents. 

(/)(x, y, 0)=(/)0 exp [-(x/a)2-(y/b)2] 

In Fig. 2, schematic diagrams illustrating intuitively a distinction in ground magnetic 
fields between the vertical (left panel) and oblique (right panel) field line cases for 
the localized perturbation given above. In such a situation, the direct effect of oblique 
FAC to the ground magnetic field is represented in terms of twin equivalent ionospheric 
current vortices with opposite polarity aligned in the east-west direction, while there 

o.s 1.0 1.5 

Fig. 3 .  Intensity variations of equivalent ionospheric current functions normalized in I p(/)0 for the 
ground magnetic field, J1 (ionospheric origin) and JM. (magnetospheric origin), versus dis­
tances along the east-west direction/or various values of a ratio of a/b . a and b are scale­
lengths of the horizontally localized electric potential in the north-south and east-west 
directions, respectively. 
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is a single eddy current corresponding to the isolated electric potential distribution 
in the case of vertical filed lines. 

We have performed numerical integrations of inverse Fourier transform to ob­
tain the ionospheric current function and magnetic potential for the above form of 
the electric potential distribution. Shown in Fig. 3 are intensity variations of the 
equivalent ionospheric current functions along the y-axis, Ji(O, y, 0) and JM(O, y, 0), 
normalized in �P<l>o for various values of a ratio of a/b, � p= �H, and() (colatitude)= 

30° . As was expected in Fig. 2, peaks of JM are taking place at Y'.::'. ±b, and its mag­
nitude decrease with decreasing a/b. Plots of the y-component of ground magnetic 
variations, By (broken curves), B/ (ionospheric effect; dotted curves), and B/11 (direct 
effect of FAC; full curves) normalized in �P<l> 0 /b, versus y/b are given in Fig. 4 for three 
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Fig. 4. Variations of the total intensity of the east-west component of ground magnetic field By 
(broken curves) consisting of two parts, the ionospheric origin B/ (dotted curves) and the 
direct contribution of oblique field-aligned currents By M (full curves ), for three different cases 
of the anisotropy in horizontal scale-lengths of the localized electric potential, a/b=0.5, 
1, and 2. 

different values of a/bin the case of � p= �H, ()=30° , and z=-b. These plots show 
n/2 phase lag in spatial distributions along the east-west direction between the two 
contributions to By . The maximum value of B/1 for the isotropic horizontal structure 
(a=b) is about 80% of the magnetic contribution due to the ionospheric eddy current, 
and thus we must be careful in evaluation of ionospheric currents by using a network 
observation of ground magnetic field variations even in high latitudes. Another 
difference in the case of oblique magnetic field lines compared with that in the vertical 
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case is the decreased efficiency in discharge process through FAC in a three-dimensional 
current system. For instance, the induced ionospheric potential for the incidence 
of the localized shear Alfven wave with the electrostatic potential f/> i becomes 

where I: w = leR l/4rr VA is the effective wave conductance in the cold magnetosphere 
with the Alfven speed of VA . 

4. Summary 

Formulation to describe EM-coupling between the magnetosphere and the iono­
sphere through oblique field-aligned currents has been performed. Numerical cal­
culation for the estimation of the direct contribution of horizontally localized oblique 
F AC to ground magnetic fields, based on the plane ionosphere model with uniform 
anisotropic conductivity distribution, has made it possible to obtain the following 
summary results. 

1) The horizontal component of oblique FAC can give rise to the direct contri­
bution to magnetic field variations in the region below the ionosphere, while only the 
induced ionospheric eddy current is the origin of ground magnetic field in the case of 
vertical magnetic field lines. 

2) A relative importance of such direct effect to that of ionospheric eddy currents 
is proportional to both ratios, the Pedersen to Hall conductivities and the horizontal 
to vertical component of the dipole magnetic field. It also strongly depends on the 
anisotropy in horizontal structure of localized disturbances, i.e., the shorter the 
horizontal scale-length in the longitudinal direction compared with that in latitudinal 
one, the larger the direct effect of oblique FAC. 

3) The direct effect can be represented in terms of the equivalent ionospheric 
current function. For the simple isolated pattern of electric potential on the hori­
zontal plane yielding a single current vortex in the ionosphere, the direct contribution 
is equivalent to twin current vortices with opposite polarities and their centers are 
aligned in the east-west direction. Thus, their maximum contribution to the ground 
magnetic field occurs at the position below the center of the real Hall current vortex 
in the ionosphere. 

4) In the simple case mentioned above, the maximum contribution of oblique 
FAC to the east-west component of the ground magnetic field amounts to 80% of 
that from the real ionospheric eddy current induced by the electric potential with the 
isotropic horizontal structure even at 60° geomagnetic latitude. 

5) Because only the vertical component of oblique FAC connects to the irrota­
tional part of ionospheric currents, the coupling efficiency decreases with a decrease 
in latitude although angle of dipole field lines to the vertical direction increases. 

We have presented a few of numerical examples in the simplest case to demon­
strate the direct magnetic effect of oblique FAC. Other cases to be studied along the 
same line are such perturbations that are localized in latitudes and propagating in the 
longitudinal direction, and also a relationship between large-scale current vortices 
in high latitudes and the associated equatorial zonal current. 
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