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Abstract: It is important to clarify the relationship between VLF-ELF wave
characteristics on the ground and in the ionosphere for a comprehensive understand
ing of the ground-based observation data. In this paper, the amplitude and
polarization of VLF waves at various places on the ground are calculated with an
ionospheric model at high latitudes, through a full wave technique when various size
of trapping cones are existing. Some results of the numerical calculation are pre
sented. Major results are as follows: (1) Waves with an amplitude within 12 dB of
the maximum intensity are found in an area of 300 km (east-west direction)·,; 400 km
(north-south direction) when some part of the trapping cone overlaps with the
transmission cone. (2) The left-handed polarization wave can exist even within a
distance of 100 km from the point of maximum intensity, where the intensity is as
strong as"' 10 dB of the maximum intensity.

1. Introduction
It is well-known from Snell's law that the downgoing whistler wave can penetrate
the lower ionosphere when the wave normal lies within a transmission cone (HEL
LIWELL, 1965). Computer programs for solving the one dimensional wave equation
have been developed with the aid of digital computers (BUDDEN, 1961), and the trans
mission and reflection coefficients from the bottom side of the ionosphere have been
studied for plane waves (PITTEWAY and JESPERSEN, 1966; TSURUDA, 1973). On the
other hand, multi-point conjugate observations of the signal from the VLF transmitter
located at Siple Station, Antarctica have been carried out in Canada by TSURUDA et al.
(] 982). They reported that the Siple signals propagated to the northern hemisphere in
the whistler mode and had an amplitude distribution on the ground with a spatial at
tenuation rate as high as 6 dB/100 km from the peak level.
NAGANO et al. (1982) calculated the wave intensity and polarization pattern on the
ground with an assumption that one dimensional beam of VLF wave was injected
from the upper ionosphere. They obtained a spatial attenuation of -- JO dB/ 100 km,
which was consistent with the value described above. Furthermore, NAGANO et al.
(] 986) (to be referred to as "paper I" hereafter in this paper) extended their previous
technique to 2-dimensional case so as to obtain the azimuthal dependence of the wave.
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Recently, simultaneous observations of ELF-VLF natural waves have been carried
out at Syowa Station, Antarctica, and its geomagnetically conjugate stations in Iceland,
i.e. Husafell, Tjornes and Isafjordur (SATO et al., 1984, MATsuoo and SATO, 1986).
They reported the periodic VLF emissions (T=5.6 s) in the frequency range from I to
1. 7 kHz were observed simultaneously at these stations and there was a slight difference
in the emission intensities observed at the three stations in Iceland. It seems to be
highly probable that these emissions have propagated to the ionosphere through a
duct in the magnetosphere.
In order to find a theoretical support to these experimental results of multi-station
observations, the distributions of the amplitude and polarization of the VLF wave on
the ground are calculated in this paper using the full wave technique (described in
paper 1) under the condition that the downgiong whistler waves are emitted from a
duct. In this calculation, the width of the transmission cone is kept constant while the
width of the trapping cone is varied, and a nighttime ionosphere model is used, which
is based on an actual rocket observation in high latitude (LERFALD and LITTLE, 1970)
is used.
2. Model for Calculation
There are three types of whistler mode wave propagation between both the hemi
spheres (TIXIER and CHARCOSSET, 1978): (l) ducted propagation (2) nonducted pro
pagation, and (3) partly ducted propagation. In this paper, whistler mode waves are
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Fig. I. A schematic illustration of the problem. The transmission cone and the trapping cone are
assumed in this paper to be at the altitude of 150 km. The width of the transmission cone
is 5.0 ° in our calculation model.
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assumed to propagate in a duct in the magnetosphere which is terminated at the lower
ionosphere. The direction of the wave normal of these waves is uniformly distributed
in the trapping cone. Snell's law requires that a downgoing whistler mode wave can
reach the ground only when its wave normal lies within the transmission cone angle
(8 0 =sin- 1 1/n, where n is refractive index at the altitude of incidence which is taken
to be 150 km in this paper). On the other hand, the trapping cone angle is given as
follows under the condition off!f1-1 <t I , where f is the whistler mode wave frequency of
interest and .f�-1 is the electron gyrofrequency.
where N h is the background electron density and Nm is the maximum electron density
in the duct. The enhancement factor (E=Nm / Nb - I ) is taken as an index which indi
cates the enhancement rate of the electron density in the duct.
Four cases are considered in the configuration of trapping cone with respect to
the transmission cone at the termination of the duct at an altitude of 150 km as shown in
Fig. 2. In cases (a) through (b), the axis of the trapping cone is parallel to the magnetic
field line, and the width of the trapping cone is varied. The axis of the trapping cone
lies in the geomagnetic meridian plane. According to the ray theory, a downgoing
whistler wave with wave normal direction lying within the shaded area in Fig. I (the
common area in the trapping and transmission cones), can penetrate the lower ion
osphere.
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Fig. 2.

Projection of the trapping and the transmission cones at the incident altitude of 150 km.
The width of trapping cone in cases (a) through (d) are 20 , 12.5', 10.7 ° and 10 ° , respective
ly, which correspond to the d(fferent enhancement factor values of the electron density
in the duct, 10, 2.5, 1.8 and 1.5% respectively.

Figure 3 is the ionosphere model used in our numerical calculation. The electron
density profile in this figure was obtained from a rocket experiment (LERFALD and
LITTLE, 1970) in the northern auroral zone during a magnetically quiet time. An
effective collision frequency profile used for our calculation is also shown by a broken
line in this figure. The gyrofrequency and dip angle are taken as 1.54 MHz and 75 ° ,
respectively, which are typical values in the auroral zone. The frequency is selected
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The electro11 density and collision frequency profiles used in the numerical calculation.

as 1.5 kHz corresponding to the frequency band of VLF periodic emissions (SATO,
1984) and the conductivity and dielectric constant of the earth are selected as lo- 3 (S/m)
and I 0, respectively.
In our calculation a spatially confined electromagnetic wave is expressed by an
infinite number of plane waves. A Cartesian coordinate system (x, y, z) is used as
shown in Fig. I . The electromagnetic field of the beam wave at an arbitrary altitude
can be represented (NAGANO et al., 1986) as:
e(x, Y, z)=(2rr) - 2 HG(k x , k !l )F(k x , k 11 , z) /E 11 R·DOWN(kx, k 11 , Z==Z 0 )

·exp (-j(k r, x+k yy)) dkx dk ll ,

(l)

where G(kx , kz ) is the Fourier component with k x and k !I of the beam wave at the in
cident altitude and e and Fare the column vector of the wave fields, Ex , -E11 , � and
�y·
Their components consist of the full wave solutions in the original coordinate
system for which k vector exists in x' - z' plane. F is given by
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'.Jc' y ,

where¢ is tan-1 k y /kx . £ R -nowN in eq. ( l ) is used to normalize the amplitude of - E !J
at the incident altitude z 0 to be unity and is calculated by the second row of eq. (2) .
Since the calculation technique for eq. ( 1) is described in paper 1 in detail, we ex
plain it briefly below;
( 1) We choose G(k x , k 11 ) which shows a uniform distribution within the trapping
cone shown in cases (a) through (d) of Fig. 2. In these cases, the spectrum function
G(k x , k y) depends on the width 0 1' of trapping cone, that is,
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k/-+ (k y·- nko cos Dip)2 <n2 ko� (cos Dip---cos ( Dip-+-OT)r
G(kx, k v )=O ,
k/-Hk v -nk 0 cos Dip) 2 >n2k/ (cos Dip cos (Dip-t-fJ T) F- ,
where Ao and k o are a wavelength and a propagation constant in free space, respectively,
and n is a refractive index at the incident altitude. If we consider the downgoing
whistler wave with the width OT of the trapping cone, whose amplitude shows a gauss
ian distribution with a factor a, where a is defined by the distance in km from the point
of maximum amplitude to the points of amplitude equal to e-u 2 times the maximum
value; the waves with the spectrum function G(k x , k v) for cases (a) to (d) correspond
to the gaussian beam waves with the width of 11.5, 24.1, 28.8 and 30.3 km, respectively.
(2) Equation (I) is approximated by a sum of a finite number of (k x , ky ), up to
a few thousand components by using the Fast Fourier Transform algorithm, instead of
integrating over an infinite number of (k x , k v), We use the two dimensional FFT for
2 7 x 2 7 data points. The spatial resolution on the ground is A 0/I6 where A o is a wave
length in free space. For each elementary wave with k x and k v , we can use a full wave
solution obtained by the multi-layered method taking account of the ground reflection
effect (NAGANO et al., 1975).
3. Calculated Results and Discussions
Figures 4a through 4d show the field intensities and polarizations over the area of
I000 x 1000 km on the ground in cases of the downgoing whistler waves corresponding
to (a) to (d) in Fig. 2, incident above the ionosphere at an altitude of 150 km. The
maximum value of the field intensity on the ground is shown in dB at the bottom corner
in every figure, where O dB is taken as I µV/m when the Poynting flux of the downgoing
wave at the incident altitude is I pW/m 2 • The contour lines in Figs. 4a through 4d
are drawn every 2 dB and denote the relative value to the maximum intensity in each
figure. The center of each figure is the point where the signal level of the incident
wave is maximum at an altitude of 150 km. The polarization pattern is shown for the
same area. The right- and left-handed polarizations of the horizontal magnetic field
components are denoted by solid lines and broken lines, respectively. The length of
major axis in every elliptical polarization is taken as the same. As for the intensities
of the received waves, they become smaller in the order of (a), (b), (c) and (d), because
the number of the elementary downgoing waves within the transmission cone decreases
in the same order. However, case of (d) with no wave in the transmission cone, a wave
with relatively strong amplitude can reach the ground as an evanescent wave, and this
is worth noting. This is due to the fact that the propagation distance from the ion
oshpere to the ground is shorter than the wave length of the downgoing wave at 1.5 kHz.
The shapes of equi-intensity the contour lines change from a circle to an ellipse elongat
ed toward the north-south direction in the order of (a) to {d) and the waves in free
space propagate northward by multiple reflections between the earth and the ion
osphere as seen in Figs. 4b and 4c.
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The contour of the intensity of the wave magnetic field (left) and the polarization pattern
(right) for the four cases of wave normal distribution shown in Fig. 2. The calculation
is carried out at f= l.5 kHz for the ionospheric model shown in Fig. 3.
Intensity : The absolute maximum intensity is indicated at the right corner of the bottom
of each figure, where O dB is taken as I µ V/m when Poynting flux of the downgoing
whistler wave at the incident altitude is I p W/m� and the contour lines are plotted every
2 dB attenuation.
Polarization : Polarization patterns at every mesh point of 1 JO km interval. Solid and
hroken lines denotes the right- and left-handed polarizations, respectively.
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The change of the ratio of the attenuation rate in the west-east direction and in the the
north-south direction measured at distances of 150 and 200 km from the point of maximum
intensity for four d(fferent cases shown in Fig. 2.

Figure 5 shows a ratio of attenuation rate in the west-east and north-south direc
tions at distances of 1 50 and 200 km from the maximum point of the intensity, for
different boundary conditions of cases (a) to (d) in Fig. 2, with different enhancement
factor values of the electron density in the duct, 10, 2.5, 1 . 8 and 1 . 5 % respectively. If
we can observe the attenuation ratio along the N-S and W-E direction at the distance
of 1 50 or 200 km, we can estimate the enhancement factor of the duct by using the
characteristics shown in Fig. 5 under an assumption that the observed fields consist
only of downgoing waves propagating through a duct. As for the polarization pat
terns, the right handed nearJy circular polarization can be seen within a distance of
100 km from the center in Fig. 4a and it abruptly changes to a linear polarization
outside the circle of 1 00 km radius. However, in cases (b) through (d), the left
handed elliptical polarization appears at the region where the intensity is as strong as
- - 1 0 d B of maximum intensity. The case like Fig. 4a is not likely to take place in
middle latitudes because the dip angle becomes small so that the axis of the trapping
cone is widely separated from the transmission cone. Therefore, the left-handed
polarized wave may appear on the ground even when the amplitude of the wave is
strong. In fact, OKA DA and YAMAGUCHI (1 985) have often observed the left-handed
polarized whistler waves on the ground in middle latitudes.
4. Concluding Remarks
The characteristics of the field intensity and polarization on the ground are obtained
in the area of about I 000 x I 000 km by a two dimensional full wave calculation for
downgoing whistler mode waves injected form the magnetosphere into the Earth-ion
oshere waveguide, where the incident wave normals are assumed to distribute uniformly
over the transmission cone. The results we have obtained in this paper are as follows :
( I ) When the transmission cone is within the trapping cone, the intensity of the
wave on the ground decreases symmetrically with increasing distance from the maxi-
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mum amplitude point. However, when the trapping cone is partly inside the transmis
sion cone, the intensity characteristics are distorted toward the north direction and the
intensity gradient in the west-east direction becomes steeper.
(2) The left-handed polarization appears even in the region where the intensity
is strong when the trapping cone is partly inside the transmission cone.
(3) The numerical results of the amplitude distribution strongly suggest that the
enhancement factor of electron density in the duct can be estimated from the ratio of
spatial attenuation rate of the field intensities on the ground in the N-S and E-W
directions.
(4) The exit point of the downgoing whistler wave at the bottom of the iono
sphere can be estimated from the ratio of wave intensities observed by multiple stations
on the ground.
Finally, we can expect that the calculation results in this paper will be useful in de
ciding a spatial separation of the station network for E LF-V LF ground observations.
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