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Abstract: We present results of detailed numerical analysis of effects of the
nonuniform, anisotropic conducting ionosphere on the localized shear Alfven
wave, in association with the origin of pc-1 geomagnetic pulsations observed
on the ground in high latitudes. Employing a simple four-layer model that con
sists of the evanescent magnetosphere for the fast magnetosonic wave, the ducting
upper ionosphere, the £-layer with anisotropic conductivities, and the metallic
earth, we obtain numerical solutions representing the behaviour of surface magnetic
variations in a near-source region. The rate of spatial attenuation of the induced
magnetic intensity at the ground varies with a horizontal distance from the center
of the source, taking the same order of magnitude as that of the incident wave in
the source region, but it becomes a smaller value over radial distances of an outside
region. This deviation is attributed to the effects of trapped fast mode waves in
the upper ionosphere, which can propagate to horizontal direction crossing vertical
magnetic field lines. The major axis of polarization of the horizontal magnetic
vector on the ground is nearly perpendicular to that of the incident wave, while
its ellipticity and sense of rotation are almost the same as those of the incident
wave.

1. Introduction

Recent network observations of pc-1 geomagnetic pulsations on the ground in
high latitudes have revealed that the spatial distribution of the pulsation intensity
has a concentric pattern slightly elongated in the east-west direction and the rate of
apparent spatial attenuation varies from its maximum value of 10 dB/100 km near
the central region to 2.5 dB/100 km in a distant region beyond 500 km from the center
(HAYASHI et al., 1980, 1981). They have also shown that pulsations with a left-handed
polarization are frequently observed in the central region, but sometimes exhibit a
tendency of variable polarization sense. These observational results are not con
sistent with a uniform plane wave model, and rather suggest the incidence of a localized
hydromagnetic wave into the ionosphere in the source region.
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In theoretical consideration of the transmission of geomagnetic pulsation signals
from the magnetosphere to the surface of the earth, effects of both the anisotropic
conducting ionosphere and a trough in the height distribution of the Alfven speed in
the upper ionosphere must be taken into account (JACOBS and WATANABE, 1962;
MANCHESTER, 1966, 1968, 1970; CAMPBELL, 1967; C. GREIFINGER and P. GREIFINGER,
1968, 1973; P. GREIFINGER, 1972a). JACOBS and WATANABE were the first who sug
gested a possibility of trapping oscillations of HM-waves in the upper ionosphere as
the origin of short-period pulsation. However, there has been rather a few of works
in which a spatially finite extent of an incident HM-wave is essential {TAMAO, 1964;
P. GREIFINGER, 1972b; INOUE, 1973; HUGHES and SOUTHWOOD, 1976a, b). TAMAO
(1964) studied a case of incidence of the localized shear Alfven wave propagating
down along vertical field lines into the anisotropic conducting ionosphere, and showed
that only the induced Hall current was the direct source of surface magnetic variations
while the induced Pedersen current had no magnetic effect below the ionosphere.
INOUE (1973) examined ionospheric effects on the spatial distribution of polarization
sense of pulsations on the ground for a case of the incidence of HM-waves with the
amplitude distribution localized in latitudes and propagating to the longitudinal
direction. HUGHES and SOUTHWOOD (1976a, b) demonstrated the screening and
modification of pulsations by the atmosphere and ionosphere, by illustrating detailed
numerical results of amplitude and phase distributions of EM-fields in both altitudes
and latitudes. In these studies for localized wave incidence, effects of ducted propa
gation in the upper ionosphere on surface magnetic signatures in a distant region from
the source were excluded, because the primary motivation of these authors was not
in pc-1 pulsations but in those with longer periods. GREIFINGER's paper (1972b) is
the only one which includes a finite extension of the source, the ducted propagation
in the upper ionosphere, as well as the transmission modification through the aniso
tropic conducting lower ionosphere, but numerical illustration is restricted to the fre
quency dependence of the amplitude of the surface magnetic field for the ducted pro
pagation at large horizontal distances in comparison with the source size.
It is necessary to make a numerical modelling that yields detailed information
useful for interpretation of observed characteristics of pc-1 pulsations at network sta
tions in a wide range of horizontal distances. In the present paper we shall present
such numerical illustrations for ionospheric effects on the localized Alfven wave,
based on a simple four-layer model including effects of both trapping of secondary
waves and anisotropic conductivities.
2. Model
The incidence of a localized shear Alfven wave into the anisotropic conducting
ionosphere induces both the Pedersen and Hall currents. The Pedersen current
produces the up-going Alfven wave, propagating back along the ambient magnetic
field, and the down-going magnetic toroidal mode (hereafter we call it the toroidal
mode). The up-going Alfven wave is partly reflected back at the transition altitude
where the sharp increase of the Alfven speed is taking place, and the other part is trans
mitted into the magnetosphere. On the other hand, the Hall current generates the
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up-going fast magnetosonic wave (fast wave), as well as the down-going magnetic
poloidal type perturbation (poloidal mode). The fast wave is reflected back at the
transition altitude between the upper ionosphere and magnetosphere. Thus generated
fast waves are important for pc-1 geomagnetic pulsations in middle and low latitudes,
because they can propagate across the ambient magnetic field lines, being trapped
within a trough of the Alfven velocity distribution in the upper ionosphere. We should
note here that magnetic disturbances associated with the toroidal mode in the neutral
atmosphere are negligibly small in comparison with those of the poloidal mode, since
the displacement current for such low-frequency waves is negligible. Thus, the
magnetic disturbances observed at the ground are due to the poloidal mode, which
is evanescent in altitudes in the atmosphere.

region 1

Z = -D

Fig. I.

(magnetosphere)
- -- - - - - - -

A schematic illustration of the incidence of a localized shear Alfven wave, induced Pedersen

(Jp) and Hall (JH) currents in the ionosphere, associated generation of the Alfven and

fast magnetosonic waves in the upper ionosphere and magnetosphere, as well as the poloidal
and toroidal modes of magnetic disturbances in a metallic earth.

As is shown in Fig. 1, we employ here a simple four-layer model in representing
the magnetosphere-ionosphere-solid earth system. In cylindrical coordinates (r, ¢, z)
where the z-axis is taken positive downward, r is the horizontal radial distance from
the injection center, and the ambient, uniform magnetic field is assumed in the positive
z-direction. The top layer (region 1) in Fig. 1 is corresponding to the magnetosphere
with the Alfven speed of VA = V1 • The middle layer with a thickness of D (region 2)
is a ducting region for trapping fast waves in the upper ionosphere with VA = V2
( < V1). Both regions 1 and 2 are hydromagnetic regions. The bottom layer (region
3) represents the solid earth with the isotropic conductivity a 0 • As a transition layer
from region 2 to region 3, we assume the infinitely thin ionospheric £-region (z=O)
with height-integrated anisotropic conductivities, 1: P (Pedersen) and J; H (Hall), be
cause the effective thickness of the £-region (several tens km) is very short compared
with the wavelength of pc-1 pulsations. In the above model we have neglected the
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existence of the neutral atmosphere with a thickness of about I 00 km, since the geo
metrical attenuation of the evanescent EM-perturbations in the neutral atmosphere
is quite small for perturbations with the horizontal wavelength longer than 100 km.
Keeping in mind the evanescent attenuation in the atmosphere, we can neglect the
magnetic disturbance of the toroidal mode in the solid earth (z>O). However, we
should still retain the electric field perturbation associated with the magnetic toroidal
mode in describing boundary conditions at z=O.
3. Formal Representation of EM-Perturbations in Each Region
In this section we shall give formal expressions representing EM-perturbations of
different wave modes in the three regions and necessary boundary conditions con
necting them. As is seen blow, these perturbations are given in terms of corresponding
scalar functions, <JJ, 1/f, S, and T, representing the shear Alfven, fast, poloidal, and
toroidal modes, respectively. We assume the time dependence of exp (-iwt), but in
the following we delete this dependence for simplification. In representing HM
waves in regions I and 2 except for the incident localized Alfven waves, let us use
notations <J)ik and lJfik where the suffix j (j=I or 2) stands for one of the two regions
and k (k=u and d) means the upward and downward propagating waves, respectively.
(1) Region I (magnetosphere, z<-D)
There are three HM-waves, one is the incident localized shear Alfven and the
other are the reflected Alfven and transmitted fast waves. For a frequency range
of pc-I pulsations the transmitted fast wave originally generated by the Hall current
in the £-region is evanescent in altitudes in this region. As is derived in Appendix,
EM-fields of these waves are given by the following forms:
(a) the incident Alfven wave;
oE1.= -/7 1. <J)ir, </>)
.
(
) exp ( 1k i Z) '
0B 1 =(k 1/w)f1<J)i Xz

(I)

where k
1=w/ V1 and z is the unit vector in the vertical downward direction.
(b) the reflected Alfven wave;
"
0E1. = -f11. <J)1u(r, </>)
iZ '
(
oBJ. = -(k 1 /w)f1<P1uX Z) exp ( -lk)

(2)

(c) the evanescent fast wave;
(

OE1.=iwf1l/f1u(r, </>)Xz
) exp ( Pi Z) '
oB =rot (f1l/f1 uXz)

(3)

where
(4)
and A is a horizontal wave number in the radial direction and the suffix J_ means the
transverse component to the ambient magnetic field.
(2) Region 2 (ducting ionosphere, -D <z<O)
Both the Alfven and fast waves are expressed in terms of the up- and down-going
waves:
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(a) the Alfven waves;
0E 1.= -f7<1>2ir,<p)
' )
) exp (±tk2Z'
(oB =±(k /w)f7
.1
<1>2kXZ
2

(5)

where
(6)

(b) the fast waves;
0E1.=iwf71f!2ir,<p)Xz
.
) exp (± zp,_,,"'. ) '
(u�B -ro
- t (11r
'I:' 2k X z)

(7)

where
(8)

In the above, we should take both k=d and u, corresponding to the double signs
± in the exponent, which stand for the down- and up-going waves.
(3) Region 3 (solid earth, z>O)
EM-field perturbations in this region are evanescent in altitudes, so we adopt
the following forms:
(a) poloidal magnetic mode;
oE1. = -iw/7 S(r, <p) x z)
exp ( -p 3 ) '
(oB =rot (f7Sxz)

(9)

z

with
(10)
K

2

=i wµ 0a a+(w/c) 2 ,

(11)

where µ 0 and c are the free space permeability and the velocity of light.
(b) toroidal magnetic mode;
(

oE = -iw rot (f7T(r,<p) x z)
) exP (- P 3z)
oB1. =rot rot (f7Tx z)

•

(12)

The above form eq. (12) yields the magnetic field of the toroidal mode given by
oB1.= -,c 2 exp (-p3z)f7T(r,<p)Xz .
Consequently, the toroidal magnetic field is negligible in comparison with the poloidal
one for ,c 2 <( I in the neutral atmosphere wherein a 0 =0 and ,c 2=(w/c) 2 •
(4) Boundary conditions at z=O and z= -D
At the interface (z= -D) between regions I and 2, the tangential components of
both electric and magnetic fields should be continuous. The horizontal component
of the electric field is also continuous in crossing the ionospheric £-region (z=O),
but the height-integrated surface current makes a jump of the tangential magnetic
fields, i.e.,
(13)
Thus, in association with the incidence of the localized shear Alfven wave with
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the scalar potential </J i (r, <fa), we have eight boundary conditions by which the eight
scalar functions introduced above can be represented in terms of </J i .
4. Incident Shear Alfven Wave with a Localized Amplitude Distribution

As was given in the last section, the EM-field perturbations of the localized shear
Alfven wave are expressed by the scalar potential </J t (r, <ft). Bearing in mind the ob
served concentric pattern of the amplitude distribution of pc-I pulsations in high
latitudes, we now take the following form,
(14)
where r0 is a horizontal scale length of the source region, m is the azimuthal wave
number, and the amplitude E0 is constant. In the numerical calculation to be shown
in the next section, we have employed a case of m= -I which is consistent with the
left-handed polarization of the horizontal magnetic vector in the central region of the
injected source.
(b)

rtr 0

2.0

--

Fig. 2. Horizontal patterns of the magnetic (a) and electric (b) vectors of the incident wave for
r0/D=0.2, viewed from the above. In the lower corner the horizontal electric and mag
netic intensities at r=r 0 are shown.

Pattern of the magnetic and electric field vectors on the horizontal plane, corre
sponding to the scalar potential (J>i given in eq. (14) with m= -I at the fixed phase, are
shown in Figs. 2a and 2b, respectively. As seen in Fig. 2b, the electric field pattern
has a sink and a source, which occur at the radial distance r=r0 /2 112 from the center.
In a region surrounding the sink we have the upward field-aligned current, and there
is an anticlockwise magnetic vortex viewed from the above, while in the source region
the field-aligned current flows down into the ionosphere and a clockwise magnetic
vortex is taking place as is seen in Fig. 2a. These patterns rotate anticlockwise as a
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whole with advance in time. In the outer region beyond the radial distance r=r0/2 1 12,
the sense of polarization of horizontal vectors changes from the left-handed to the
right-handed one and the amplitudes decrease considerably compared with those in
the central region.
To proceed further analysis in the cylindrical coordinate we expand all of scalar
functions defined in the previous section into the Fourier-Bessel integral form. For
instance, the Fourier-Bessel transform of the scalar potential of the incident wave
given in eq. (14) becomes
(15)
1>;()., </>) E0r 0312 (r 0 J./2)m exp [-(r 0 J./2)2 +im<j>],
and we shall use the similar notation for others in the following.
=

5. Characteristics of the Surface Magnetic Disturbance

We discuss here numerical results about the surface magnetic disturbance.
Employed parameters are as follows; µ 0V2l' p µ 0V2 .l' H l (l' p l' H �l.6 mho),
µ 0V2 Da 0 I000(a a �l.6 x 10-s mho/m), V2/V1 0.4 (V1 1250 km/s), r0 /D 0.2 (r0
200 km), and wD/V2 2 (w 1 s- 1). Quantities in parentheses are typical values for
D 1000 km and V2 500 km/s.
=

=

=

=

=

=

=

=

=

=

=

=

5.1.

Spatial dependence of magnetic intensity
In Fig. 3, spatial dependences of intensity of horizontal magnetic disturbances
(Fig. 3a) on the ground and those of the incident wave in the magnetosphere (Fig. 3b)
are shown. From these figures we can obtain the following characteristic features.
(1) Two curves of Bh (=JB/+B,/) in Fig. 3c are similar to each other at radial
distances less than 2r0 • It is also evident that the horizontal magnetic vector on the
ground deflects from that of the incident wave by 90 ° . This is due to the induced iono
spheric Hall current. Thus, these results are consistent with those suggested by P.
GREIFINGER (1972b).
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Fig. 3.'? Spatial dependences of B r (radial
magnetic intensity), B,J, (azimuthal one),
and Bh = (B/+B,t,2)1 12 of the trans
mitted disturbance on the surface of
the earth (a) and those of the incident
one (b). Only variations of B h of both
disturbances are exhibited in Fig. Jc.
All are normalized with B n. of the
incident wave at r = r0 •

Fig. Jc.

(2) For r/r0 being larger than 2, the spatial attenuation of the surface magnetic
intensity becomes smaller than that of the incident one, since the fast mode wave
generated by the ionospheric Hall current propagates radially in the ionospheric duct
crossing vertical magnetic field lines.
Moreover, minima in Bt/> of the incident wave and in Br of the transmitted wave
are taking place along a circle of r/r0 =2- 1 1 2 on which we have a center of a magnetic
vortex of the incident wave. As will be seen later, it is also the same with the change
of polarization sense.
5.2. Spatial dependence of polarization
As is seen in Fig. 4, the uniform ionosphere in the horizontal direction yields no
effect on the polarization sense of the magnetic signature on the ground. Left-handed
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Fig. 5. A major axis direction and ellipticity of the magnetic disturbance on the ground (a), and
those of the incident one (b). Angles between the major axis and the azimuthal direction
are plotted for representing a direction of the major axis.

polarized magnetic disturbances are observed in a central region with r/r 0 <2- 1 1 2 , while
those in an outer region beyond this radial distance are right-handed ones. This
behaviour is the same as that of the incident wave. On the other hand, 90 ° difference
in major axes between transmitted and incident magnetic disturbances is obvious in
Fig. 5, although ellipticities of the both disturbances are almost the same except for
the region with r/r 0 >2. These results in the region of r/r0 <2 are consistent with the
model of P. GREIFINGER (1972b).
In Fig. 6 we give schematic illustrations representing gross patterns of magnetic
disturbances on the horizontal plane of the transmitted (Fig. 6a) and the perturbations
incident (Fig. 6b). We see that the left-handed polarized disturbance is confined
within the circle r/r 0 < 2 - 1 1 2 , and that there is a 90 ° difference between major axes of
the transmitted and incident waves. In addition, the magnetic vector on the ground
is mainly in the azimuthal direction for r/r 0 < 1 and the radial component is major one
in the distant range with r/r 0 > I . Such a tendency is also obvious in Fig. 5a.
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Schematic illustrations of the behaviour of the surface magnetic disturbance (a), and that
of the incident one (b). A left-handed polarized disturbance is confined within a circle with
a dotted circle.
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6. Discussion and Summary
In previous sections we have presented characteristic features of the localized
injection of the shear Alfven wave with a frequency of the pc- 1 pulsation into the
anisotropic conducting ionosphere. The following are main results ;
(1) The incident wave is accompanied with up-going and down-going field
aligned currents.
(2) Only the poloidal magnetic disturbance can be observed on the surface of
the earth.
(3) Spatial attenuations of the surface horizontal magnetic intensity and of the
incident one are almost the same in the range of r/r0 <2. In addition, a magnetic
vector rotates by 90 ° during transmission through the ionosphere due to the Hall
current.
(4) Spatial attenuation of the surface magnetic intensity is less than that of the
incident one at radial distances of r/r0 >2. This is attributed to the fast waves pro
pagating in the duct in the upper ionosphere.
(5) There is the left-handed polarized magnetic disturbance in the source region
where r/r0 is less than 2- 1 1 2, and the right-handed one in the outer region. Such a
behaviour is also the same for the incident wave in the magnetosphere.
(6) The dominant surface magnetic vector is in the azimuthal direction at r/r0 < I
and changes to the radial direction beyond that.
Let us compare these theoretical results with the observation of pc-I pulsations by
HAYASHI et al. ( 1 980, 1 98 1).
A horizontal extent of the source is information necessary for comparison between
the calculated spatial attenuation rate and the observed one. After them it has been
suggested as an order of 1 00 km. Besides, the extent should be regarded as 2r0 in our
model because the same spatial variations of the horizontal magnetic intensity are
obtained both for the surface disturbance and the incident one in the region of r < 2r0 •
Hence, r 0 is as large as 1 00 km. It may be remarked here that evanescent effect of
EM-disturbances in the neutral atmosphere cannot be completely neglected in the
case of r0 100 km . Thus, the surface disturbances are overestimated as compared
with the actual one. However, since there are no trapped waves with pc- 1 frequency
in the atmosphere, the spatial attenuation of the surface magnetic disturbances do not
change significantly when evanescent effect in the atmosphere is taken into account.
Consequently, it is possible to compare the calculated results with the observational
facts for the case of r 0 100 km.
=

=

Table 1. Attenuation rate based on the present source model.
r/ro

Transmitted perturbation on the ground
(dB/ro)

Range

r0 /D=0. 1

=0. 2

=0 . 3

0 . 1-1
1 -2
2 -3
3 -4

9.6
9.7
23 . 4
17 . 2

9.5
10 . 6
27 . 7
18 . 6

9.5
11.1
29 . 3
18.3

Incident wave
(dB/ro)

9.5
12.0
35 . 8
55 . 6
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On the other hand, from the observation, the spatial attenuation rate near a center
is about 10 dB/100 km and that at r 500 km is about 2. 5 dB/100 km. Attenuation
rates based on the present model for the case of r0/D=O. l (r 0 100 km for D 1000 km)
are listed in Table 1, which shows the rate is about 20 dB/r 0 around r=2r0 • Those
for other cases of r0/D=0.2 and 0. 3 are also listed in Table 1 for reference. We can
see that spatial variations of the magnetic intensity against rO are not so much dependent
on r 0 • Accordingly, the spatial attenuation in the source region obtained from the
present model is larger than that expected from observations, when we choose a value
of r0 /D O. l. We have not examined an attenuation rate at r= 500 km, in our model,
since numerical errors are significant in calculation of the surface magnetic distur
bances in such a far distant region from the center. Although different results may
be taken from denser network observations than that of HAYASHI et al., we should
employ other scalar potential of the incident wave. For example, a scalar potential
presented by P. GREIFINGER (1972b) is given
=

=

=

=

(16)
Spatial attenuation rates of the magnetic disturbance of this incident wave and the
associated surface magnetic disturbance obtained by numerical integrations are listed
in Table 2 for the case of r 0/D=0.1. The maximum attenuation rate in this case is
Table 2.

Attenuation rate based on Greifinger 's source model (r0 /D=O. l).

r/ro
Range

Incident wave
(dB/r 0)

Transmitted wave on the
ground (dB/r0)

0. 1-1
1 -2
2 -3
3 -4

6.8
6.0
6.2
5 .0

6.2
5.9
5.5
4.7

about 6 dB/r 0 near the center, which is the same order of observational one for r0=
100 km. However, this model is not suitable for examination on effects of the ducting
fast wave in the upper ionosphere, because there is no significant difference in at
tenuation rates between the incident wave and the transmitted one at horizontal dis
tances with r/r0 < 4. Further computation is difficult due to numerical error asso
ciated with rapid oscillations of Bessel functions in the integrand.
As for the polarization, it is revealed that the ionosphere does not affect it during
transmission except 90 ° rotation of the major axis of the polarization ellipsoid. Be
sides, the observation by HAYASHI et al. statistically shows that distribution of the left
handed polarized wave is bounded in a central region surrounded by a region of right
handed one. Therefore, the localized source model presented in this study or in the
paper of P. GREIFINGER (1972b) is necessary to explain these facts, although denser
network observations of pc-1 pulsations will be necessary to confirm the realistic source
model.
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Appendix
Hydromagnetic waves in the magnetosphere and in the duct region
In the cold uniform magnetized plasma wherein the field-aligned conductivity is
assumed infinite, only the ion polarization current must be taken into consideration
when the frequency of a wave is much lower than the proton gyrofrequency. In such
a case, Maxwell equation is written as ;
rot 0E1. = iwoB 1. ,

(A-1)
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and
(A-2)
Time-dependence of wave disturbance is assumed as exp (-iwt). The notation
" J_ " represents component perpendicular to the ambient magnetic field.
From eqs. (A- 1 ) and (A-2) we can obtain wave equations for the Alfven wave
and the fast wave as derived by TAMAO ( 1 964),
(A-3)
and
(A-4)

The notation "II" represents the parallel to the ambient magnetic field.
The wave in eq. (A-3) is the Alfven wave that transports space charge. This is
consequently accompanied with the field-aligned current. On the other hand, the
fast wave which satisfies eq. (A-4) is accompanied by a vortex of electric field, i.e., the
field-aligned component of magnetic disturbance. Other remarkable points of these
waves are that the Alfven wave has no compressional component of magnetic field,
and that the fast wave has no field-aligned current.
Next, the electromagnetic disturbance of HM-waves is generally expressesed by
a scalar potential </J and a vector potential A. As for the Alfven wave, it has no com
pressional component of magnetic disturbance, so we have
(A-5)
and
(A-6)
from the assumption of infinite field-aligned conductivity. z in equation (A-6) is a
unit vector along the z-axis.
On the other hand, for the fast wave with a compressional component of magnetic
disturbance we obtain
(A-7)
and
oB=rot A 1. .

(A-8)

When we select a gauge of div A 1. =0, A 1. is written down as
A 1. =rot [lf(r, <p, z, t)z],

(A-9)

where 7f is a scalar function.
Finally, from eqs. (A-3) and (A-5), we obtain

(a2;az2 + uJ 2/ VA 2)</J(r, <p, z, t)=O ,

(A-10)

and from eqs. (A-4) and (A-7)
(C' 2+m 2 / VA2)W(r, <p, z, t)=O

(A-11)

Then, we separate </J and 7f into <jJ(r, ¢) exp (ikz-imt) and W(r, ¢) exp (ik'z-imt),
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respectively. We obtain the following relations from eqs. (A-10) and (A-11),
k=w/ VA , for the shear Alfven mode,
and
(/7 2
with

J_

+i1 2)W(r, ¢)=0 ,

(A-12)

for the fast mode

(A-13)
(A-14)

Electromagnetic waves in the earth
As no space change exists in the solid earth, the vector potential is expressed by
A=rot [zS'(r, ¢, z, t)]+rot rot [zT'(r, ¢, z, t)]

(A-15)

The electromagnetic disturbance represented by S' is the poloidal mode which has
the magnetic disturbance perpendicular to the boundary, while the toroidal mode is
derived from T'.
Equations for S' and T ' can be obtained from Maxwell equations, namely,
(A-16)
where

2

=i(J)µoa a+((J)/c) 2 ,
and a a is the electrical conductivity of the metallic earth.
When S' and T' are separated into two parts as is similar to
obtain
JC

f/J

and

7//,

we can

(A-17)
where
S'(r, ¢, z, t)=S(r, ¢) exp (p3z -iwt) ,

(A-18)

T '(r, ¢, z, t )= T(r, ¢) exp (p3z -i (J)t ) ,

(A-19)

and
(A-20)

